We show the existence of periodic solutions for a couple of ordinary differential equations depending on a parameter E when E presents a small parameter for the majorest derivative of the first equation. The key idea is to connect a coincidence degree theory with a method from a previous paper by the author (J. Differential Equations 89 (1991), 203-223) to avoid the use of a hard implicit function theorem of Nash-Moser.
INTRODUCTION
A hard implicit function theorem of Nash-Moser has been used by several authors [3, 5, for the study of periodic solutions of differential equations. Also several papers occurred which have proved results typical for the use of this theorem without it [l, 4, 61.
The author of this paper developed methods [l] which were applied mainly to ordinary differential equations with a small parameter in the majorest derivative to show periodic solutions of these equations. Hence these methods allowed us to solve problems where a loss of derivatives appeared. The main idea of these methods is a procedure based on a Galerkin approximation method connected with the Brouwer degree theory and the realization of this idea is enabled by auxiliary inequalities for a given differential equation.
The purpose of this paper is to proceed in the direction of Cl]. We shall study couples of ordinary differential equations where only the first one has a loss of derivatives. It is well known that for the study of periodic solutions of ordinary differential equations without loss of derivatives it is very useful to apply a coincidence degree theory developed by Mawhin [7] . Hence we study such couples of ordinary differential equations where the first one presents a problem which prompts us to use the method of [l] and the second one the Leray-Schauder degree theory; we try to join these two methods in this paper.
The plan of this paper is the following. In the first part we develop several abstract theorems and in the second part we apply them to the abovementioned special couples of ordinary differential equations to show the existence of their periodic solutions.
ABSTRACT RESULTS
Let H,, H,, H,, H, be Hilbert spaces with the properties (i) H, c H, c H, (r > q > s > 0) and H, is compactly imbedded into Ho, i.e., H, Xl Ho;
(ii) there exists an orthogonal projection P,: H, + H, c H, for each natural number NE .Af such that the restriction of P,: H, -+ H, c H, to H, is also orthogonal and dim Z?, < co, R, = Im P,, and for each u E U R, and 1. Ij is the corresponding norm of Hi. Let X be a Banach space and let YC X be a dense linear subspace of X. Now we consider the mappings 
Proof
By using the standard argument [2] we can find a finite dimensional subspace X, c Y and a continuous mapping T,: H, x X -+ X, for each n E JV such that I T(u, u) -T,(u, u)l < l/n for each (U,U)E Wxsl and QnX,#/ZI.
We solve We know a(w,xq+aw,xa,u w,xa52,, aw,= {uER~, Iu(~= 1 or JuJ~=K), Hence (2.1) has a solution (uN, U~)E W,xsZ, for each N% 1. Using standard arguments [2] we can assume that uN --) 0 in X as N + co. Proof Using the homotopy
we immediately obtain the proof in a similar way as in [2] . Of course, following the above procedure we can extend the coincidence degree method developed by Mawhin [7] for our case. (A, 7'): H, x X+ H,y x X in the set W, x ,sZ,. Hence by securing this existence in another way we can obtain additional existence theorems.
Remark 8. The assertion of Theorem 6 also holds for the case 0 E Q, Ker M= (01 and in this case we assume all assumptions of this theorem without (iii) and (iv).
APPLICATIONS
In this section we give theorems which are simple consequences of Theorem 6 and Corollary 3. First we consider the equation
x + x' = E( g( t, x, x') . x" + h( t, x, y ))
where g, h, f, k E C" are bounded and 2rr-periodic in t, dim x = 1, dim y > 1. We look for 2n-periodic solutions of (3.1).
We put [8] We also set Y= {uEC:~,, u is Cm-smooth) and P, are usual Fourier truncation operators [8] . Ilull,<l} for 6 small fixed.
We must investigate the operator F,. Assuming that for each x E aG we can find a normal n(x) to dG such that for every t E R n(x) ,.f(t, xl > 0.
Then it is well known [7] that the assumptions (ii), (iii) of Theorem 6 are satisfied. Indeed, if u( .) E G and u' = #( ., u), n E (0, 11, u E C:_ i then for Kg 1 large independent of u we have [lull r , < K. Hence u E &? implies u(r) E I~G for some t and we proceed as in [7] . Note that Now we consider the higher-dimensional case of (3.1)
Bx + x' = &(A(t)x" + h(t, x, y)) y'=f(t, y)+Wt, x, ~1, (3.2) where dim x = m 2 1, BE JZ'(R") is invertible and symmetric, A( ) E 8(R") are symmetric, and t -P A(t) is smooth and 2n-periodic, h, J k have the above properties of Theorem 9. 
